Introduction {#Sec1}
============

In experiments on physical systems, it is often difficult to measure all the physical states, whether it be because the instruments have a finite resolution, or because the measurement techniques have some limitations. Consequently, we are typically able to infer only a few states of the system from the measured observable quantities. The states that cannot be measured are *hidden*, that is, they may affect the system's evolution, but they cannot be straightforwardly measured. The accurate reconstruction of hidden states is crucial in many fields such as cardiac blood flow modelling \[[@CR13]\], climate science \[[@CR6]\], and fluid dynamics \[[@CR2]\], to name only a few. For example, in fluid dynamics, measurements of the velocity field with particle image velocimetry may be limited to the in-plane two-dimensional velocity, although the three-dimensional velocity is the quantity of interest. The reconstruction of unmeasured quantities from experimental measurements has been the subject of recent studies, that used a variety of data assimilation and/or machine learning techniques. For example, spectral nudging, which combines data assimilation with physical equations, was used to infer temperature and rotation rate in 3D isotropic rotating turbulence \[[@CR3]\]. Alternatively, \[[@CR5]\] reconstructed the fine-scale features of an unsteady flow from large scale information by using a series of Convolutional Neural Networks. Using a similar approach, the reconstruction of the velocity from hydroxyl-radical planar laser induced fluorescence images in a turbulent flame was performed \[[@CR1]\]. Another approach based on echo state networks has also been used for the reconstruction of time series of unmeasured states of chaotic systems \[[@CR9]\]. While effective in reconstructing the unmeasured states, these approaches required training data with both the measured *and* unmeasured states. In this paper, we propose using physical knowledge to reconstruct hidden states in a chaotic system *without the need of any data of the unmeasured states during the training*. This is performed with the Physics-Informed Echo State Network (PI-ESN), which has been shown to accurately forecast chaotic systems \[[@CR4]\]. The PI-ESN, and more generally *Physics-Informed* Machine Learning, relies on the physical knowledge of the system under study, in the form of its conservation equations, whose residuals are included in the loss function during the training of the machine learning framework \[[@CR4], [@CR12]\]. These approaches, which combine physical knowledge and machine learning, have been shown to be efficient in improving the accuracy of neural networks \[[@CR4], [@CR12]\]. Here the PI-ESN approach is applied to the Lorenz system, which is a prototypical chaotic system \[[@CR8]\].

The paper is organized as follows. The problem statement and the methodology based on PI-ESN are detailed in Sect. [2](#Sec2){ref-type="sec"}. Then, results are presented and discussed in Sect. [3](#Sec3){ref-type="sec"} and final comments are summarized in Sect. [4](#Sec6){ref-type="sec"}.

Methodology: Physics-Informed Echo State Network for Learning of Hidden States {#Sec2}
==============================================================================

We consider a dynamical system whose governing equations are:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta t$$\end{document}$ is the sampling time. Thus, the specific goal for the PI-ESN is to reconstruct the hidden time series, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{h}(n)$$\end{document}$, for the same time instants. To solve this problem, the PI-ESN of \[[@CR4]\], which is based on the *data-only* ESN of \[[@CR10]\], needs to be extended, as explained next.Fig. 1.Schematic of the ESN. ![](500809_1_En_9_Figa_HTML.gif){#d30e765} indicates the bias.

The PI-ESN is composed of three main parts (Fig. [1](#Fig1){ref-type="fig"}): (i) an artificial high dimensional dynamical system, i.e., the reservoir, whose neurons' (or units') states at time *n* are represented by a vector, $\documentclass[12pt]{minimal}
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Results and Discussions {#Sec3}
=======================

The approach described in Sect. [2](#Sec2){ref-type="sec"} is tested for the reconstruction of the chaotic Lorenz system, which is described by \[[@CR8]\]:$$\documentclass[12pt]{minimal}
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Reconstruction of Hidden States {#Sec4}
-------------------------------
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Effect of Noise {#Sec5}
---------------

As the ultimate objective is to work with real-world experimental data, the effect of noise on the results is investigated. The training data for $\documentclass[12pt]{minimal}
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Conclusions and Future Directions {#Sec6}
=================================

We extend the Physics-Informed Echo State Network to reconstruct the hidden states in a chaotic dynamical system. The approach combines the knowledge of the system's physical equations and a small dataset. It is shown, on a prototypical chaotic system, that this method can (i) accurately reconstruct the hidden states; (ii) accurately reconstruct the states with training data contaminated by noise; and (iii) provide a physics-based smoothing of the noisy measured data. Compared to other reconstruction approaches, the proposed framework does not require any data of the hidden states during training. This has the potential to enable the reconstruction of unmeasured quantities in experiments of higher dimensional chaotic systems, such as fluids. This is being explored in on-going studies. Future work also aims at assessing the effect of imperfect physical knowledge on the reconstruction of the hidden states.

This paper opens up new possibilities for the reconstruction and prediction of unsteady dynamics from partial and noisy measurements.
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